Abstract. We give uniformizations of the Klein quartic curve and the Fermat septic curve as Shimura curves parametrizing Abelian 6-folds with endomorphisms Z[ζ 7 ].
Introduction
The Gauss hypergeometric differential equation In this case, the upper half plane is mapped to a triangle with vertices s(0), s(1) and s(∞), angles π/p, π/q and π/r respectively by s, and so is the lower half plane. Copies of these two triangles give a tessellation of a disk D by the monodromy action, and we have an isomorphism D/∆(p, q, r) ∼ = C − {0, 1} = P 1 . For example, E(1/2, 1/2, 1) is known as the Picard-Fuchs equation for the Legendre family of elliptic curves y 2 = x(x − 1)(x − z) and the monodromy group ∆(∞, ∞, ∞) is projectively isomorphic to the congruence subgroup Γ(2) of level 2. Also a triangle group ∆(n, n, n) with n ≥ 4 is interesting, since its commutator subgroup N n gives a uniformization of the Fermat curve F n of degree n. More precisely, the natural projection D/N n → D/∆(n, n, n) = P 1 is an Abelian covering branched at 0, 1 and ∞ with the covering group ∆(n, n, n)/N n ∼ = (Z/nZ) 2 (see [CIW94] ). In [T77] , Takeuchi determined all arithmetic triangle groups. According to it, ∆(n, n, n) is arithmetic (and hence the Fermat curve F n is a Shimura curve) for n ∈ F T = {4, 5, 6, 7, 8, 9, 12, 15}. These groups come from the Picard-Fuchs equation for algebraic curves X t : y m = x(x − 1)(x − t) with m = n (resp. m = 2n) if n ∈ F T is odd (resp. even). Among them, n = 5 and 7 are special in the sense that a Jacobian J(X t ) is simple in general, and Picard-Fuchs equations describe variations of Hodge structure on the whole of H 1 (X t , Q), rather than sub Hodge structures. These two families are treated by Shimura as examples of PEL families in [Sm64] . Also de Jong and Noot studied them as counter examples of Coleman's conjecture (which asserts the finiteness of the number of CM Jacobians for a fixed genus g ≥ 4) for g = 4, 6 in [dJN91] (see also [R09] and [MO13] for this direction).
For n = 5, we gave s −1 by theta constans in [K03] as a byproduct of study of the moduli space of ordred five points on P 2 . In present paper, we compute the monodromy group, Riemann's period matrices and the Riemann constant with an explicit symplectic basis for n = 7. Using them, we express the Schwarz inverse map s −1 by Riemann's theta constants (Theorem 4.10). As a consequence, we give explicit moduli interpretations of the Klein quartic curve K 4 and the Fermat septic curve F 7 as modular 1 varieties parametrizing Abelian 6-folds with endomorphisms Z[ζ 7 ]. (Corollary 4.12, Corollary 4.14). The Klein quartic is classically known to be isomorphic to the elliptic modular curve of level 7. In [E99] , Elkies studied it as a Shimura curve parametrizing a family of QM Abelian 6-folds. Our interpretation of K 4 gives the third face as a modular variety. Our expression of s −1 is a variant of Thomae's formula. This kind of formula for cyclic coverings was studied in general context by , [BR88] ), Nakayashiki ([Na97]) and Enolski-Grava ( [EG06] ), but our standpoint is more moduli theoretic as a classical work of Picard ([P1883] ) which produces modular forms on a 2-dimensional complex ball. In [Sh88] , Shiga determined Picard modular forms explicitly, and his results were applied to number theory and cryptgraphy (see [KS07] and [KW04] ). We expect that also our concrete results will give a good example to develop a generalization of arithmetic theory of elliptic curves. Here we mention that there are several studies of automorphic forms for triangle groups (e.g. [Mi75] , [W81] , [H05] and [DGMS13] ). However explicit constructions of autmorphic forms for co-compact triangle groups in the view point of the Picard's work seems to be very few.
Our Schwarz map is regarded also as a periods map of K3 surfaces. In pioneer work [Sh79,81], Shiga studied families of elliptic K3 surfces with period maps to complex balls. These K3 surfaces have a nonsymplectic automorphism of order 3, which induces a Hermitian structure on the transcendental lattice. Now K3 surfaces with non-symplectic automorphisms of prime order are classified (see [AST11] ), and many of them are known to be quotients of product surfaces ( [GP] ). In the last section, we give elliptice K3 surfaces S t associated to X t and compute the Neron-severi group and the Mordell-Weil lattice of S t .
Uniformization of Fermat Curves
2.1. Hypergeometric integral. We compute monodromy groups and invariant Hermitian forms for hypergeometric integrals
2k ) with monodromy groups ∆(n, n, n), n = 2k + 1 and 2k respectively. Let us consider decompositions
where H + and H − are the upper and lower half planes respectively, and I k are (oriented) real intervals.
(As the initial position of t, we assume that 0 < t < 1.)
Modifying boundaries ∂H + and ∂H − to avoid 0, t, 1 and ∞ as follows, we fix a branch of Ω α (x) on a simply connected domain H − and define integrals u k (t) =
By the Cauchy integral theorem, they satisfy
since Ω α (x) is multiplied by exp(2πiα) if x travels around 0, t or 1 in clockwise direction. Hence we have
2.2. Monodromy. Now let δ 0 and δ 1 be paths to make a half turn around 0 and 1 respectively in counter clockwise direction, starting from the initial point of t.
Corresponding analytic continuations are represented by connection matrices h 1 and h 1 :
are disks, and U H acts on each domain. Now the image of the Schwarz map
H , which is tessellated by Schwarz triangles. Since we have
where F n is the Fermat curve of degree n with n = 2k + 1 (resp. 2k
(2) In the case of n = 2k + 1, we have
(3) In the case of n = 2k, we have
where ζ = ζ 4k . Note that the cyclotomic polynomial Φ 4k (x) satisfies Φ 4k (1) = 1 if 4k = 2 m . In this case, 1 − ζ is a unit in Z[ζ], and so is 1/(1 + ζ
2.5. Fermat curve as a Shimura variety. A triangle group ∆(n, n, n) is arithmetic for n ∈ F T = {4, 5, 6, 7, 8, 9, 12, 15}, and the Fermat curve F n is a Shimura curve. Let us see corresponding families of hypergeometric curves
for these case. By the Riemann-Hurwitz formula, the genus of X t is g = m − 1 if 3 ∤ m, and g = m − 2 if 3 | m. Let ρ be the covering automorphism (x, y) → (x, ζ m y) where ζ m = exp(2πi/m). By this action, we can decompose H 1 (X t , Q) into irreducible representations of ρ, and H 1 (X t , C) into eigenspaces of ρ. Let V (λ) be the λ-eigenspace of ρ. If m is not prime, the covering X t → P 1 has intermediate curves Y t , and the pullback of
, we see that the Prym part
has a Hodge structure of type
such thatλ i = λ 2d+1−i and dim V (λ i ) = 2 for i = 1, . . . , 2d. Therefore the Hodge strucure on H 1 P rym (X t , Q) with the action of ρ is determined by a decomposition
) is automatically determined as the complex conjugate of V (λ d ), and vice versa), that is, determined by
give a basis of 2.6. In the cases n = 5 and 7, the monodromy group has a nice representatoin. Put
The arithmetic quotient D + H /Γ is the moduli space of Jacobians of curves y n = x 3 + ax + b (n = 5, 7) as a PEL-family (see [Sm64] ). Therefore we have the following diagram
where horizontal arrow are isomorphisms, and ∼ is the equivalence relation by affine transformations. From this fact, we see that Γ/Mon is isomorphic to S 3 up to the center.
2.7. Remark. For n = 5, the Hermitian form H is same with one given in [Sm64] :
For n = 7, the Hermitian form given in [Sm64] is
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Proposition ([YY84] for n = 5). Let us denote the image of
For n = 5 and 7, (1) the projective modular group Γ is projectively generated by h 0 and h 1 , (2) we have
Proof. We show these facts only for n = 7, but the case n = 5 is shown by the same way (also see [YY84] and [K03] for n = 5). The quotient group Γ/Γ(1 − ζ 7 ) is isomorphic to a subgroup of the finite orthogonal group
Since we have
is generated by h 0 , h 1 and ±1, and isomorphic to S 3 × {±1}. Therefore Mon coincides with Γ(1 − ζ 7 ) since we have Mon ⊂ Γ(1 − ζ 7 ) and Γ/Mon = S 3 . Note that Mon is generated by h 2 0 and h 2 1 , and hence Γ is generated by h 0 and h 1 . A homomorphism
has the kernel Γ((1 − ζ 7 ) 2 ), and the image is generated by
Heptagonal Curves
3.1. From now, we concentrate in the case n = 7, that is, a 1-dimensional family of algebraic curves
We denote ζ 7 = exp(2πi/7) simply by ζ. As a Riemann surface, X t is obtained by glueing seven sheets Σ 1 , · · · , Σ 7 , each of which is a copy of P 1 with cuts (see Figure 1 ) and satisfying ρ(Σ i ) = Σ i+1 where indices are consdered modulo 7. Let i i (x 1 , x 2 ) be an oriented real interval from x 1 to x 2 on Σ i . We define 1-cycles
For computation of intersection numbers, we use deformations of γ 1 and γ 3 as in Figure 1 .
. We have
is unimodular, and they form a basis of H 1 (X t , Z). Hence 
Let P 0 , P 1 , P t and P ∞ be four ramification points of X t over 0, 1, t and ∞. We denote the divisor of a rational function (or a rational 1-form) f by div(f ). Then we see that
and holomorphic 1-forms
on X t give a basis of H 1,0 (X t ).
3.2. Remark. As stated in the previous section, we have
and the Hodge structure on H 1 (X t , Z) is determined by a decomposition of V (ζ 4 ).
3.3. Period Matrix. The following 1-cycles
give a symplectic basis of H 1 (X t , Z) such that
The associated period matrix is
where ω = (ω 1 , . . . , ω 6 ) and R = diag(ζ 4 , ζ 3 , ζ 2 , ζ 2 , ζ, ζ). The normalized period matrix τ = Π A Π −1 B belongs to the Siegel upper half space H 6 , consisting of symmetric matrices of degree 6 whose imaginary part is positive definite. The symplectic group 3.4. Remark. For a suitable choice of a branch of Ω α (x) in the previous section, we have
Since we use u k for projective coordinates mainly, hereafter we denote γ k ω 1 by u k for simplicity.
3.5. Symplectic representation. Let M ∈ Sp 12 (Z) be the symplectic representation of ρ with respect to the above basis:
(ρ (A 1 ) , . . . , ρ(A 6 ), ρ(B 1 ), . . . , ρ(B 6 )) = (A 1 , . . . , A 6 , B 1 , . . . , B 6 ) t M.
Explicit form of M is given in Appendix. By definition, we have M 
Proof. Now we have
This correspondence
Since coefficients of u 1 (or u 3 ) in Π A,1 and Π B,1 give a Z-basis of Z[ζ], there exists a homomorphism φ : GL 2 (Z[ζ]) → GL 12 (Z) such that Φ 1 (gu) = φ(g)Φ 1 (u). Especialy, we have φ(ζ 4 I 2 ) = M and the image of φ is the centralizer of M . We can easily check that the condition
and hence φ(Γ) = Sp M 12 (Z). We give the map Φ, which is compatible with Φ 1 , explicitly in Appendix. ✷ 3.7. Remark. Let us define a homomorphism
By explicit computation, we see that the intersection form (which gives the polarization) on H 1 (X t , Z) is given by
Schwarz inverse and theta function
4.1. Abel-Jacobi map. For the normalized holomorphic 1-forms ξ = (ξ 1 , . . . , ξ 6 ) = (ω 1 , . . . , ω 6 )Π
−1 B
with respect to A i and B i in the previous section, period integrals satify
Let Div(X t ) be the group of divisors on X t , and J(X t ) be the Jacobian variety C 6 /Z 6 τ + Z 6 . The Abel-Jacobi map with the base point P ∞ is
We denote this homomorphism by A, and a lift of A(D) by A(D) (Hence A : Div(X t ) → C 6 is a multi-valued map). As is well known, A factors through
Since the base point is fixed by ρ, the map A is ρ-equivariant. Therefore the image of a ρ-invariant divisor belongs to the fixed points of ρ, that is, the (1 − ρ)-tosion subgroup
More explicitly, we have
with a m,n = 1 7 (m, 2m, 3m, 2m + 3n, 2m + 3n, 0) ∈ 1 7 Z 6 , b m,n = 1 7 (−m, −m, −m, 3m + n, 5m + 4n, m + 5n) ∈ 1 7 Z 6 .
Proof. It is obvious that
Computing intersection numbers, we see that
Therefore we have (1, 2, 3, 1, 1, 0)τ + 1 7 (6, 6, 6, 5, 6, 4) mod Z 6 + τ Z 6 .
As combinations of these integrals, we obtain explicit values of A(P 0 ) and A(P 1 ). ✷
Theta function and Riemann constant. Let us consider Riemann's theta function
The Abel-Jacobi map A induces a birational morphism from Sym 6 X t to J(X t ), and W Moreover we have the following reduction:
that is,
A . By the equality W The converse is also true: 4.6. Lemma. We hvae A(mP 0 + nP 1 ) / ∈ W
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A for (m, n) = (2, 4), (2, 5), (3, 5), (4, 2), (5, 2), (5, 3).
Proof. To prove this, note that
and
By symmetry for P 0 , P 1 and P t , it suffices to prove that
A . Applying the Riemann-Roch formula for 4P 0 + 2P 1 , we have 
where constants E and E ′ are independent of Q 1 , . . . , Q 6 , integrals i k (∞, * ) ξ ∈ C 6 are chosen such that
and A(Q 1 + · · · + Q 6 ) ∈ C 6 takes the same value in the numerator and the denominator. Substituting 4P 1 + 2P t and 2P 1 + 4P t for Q 1 + · · · + Q 6 in (1), and taking the ratio of resultant equations, we have an expression of t 2 by theta values:
Similarly, substituting 4P 1 + 2P t and 2P 1 + 4P t for Q 1 + · · · + Q 6 in (2), we have
4.10. Theorem.
(1) The inverse of the Schwarz map
is the modular embedding given in Appendix. In other word, Φ(u) ∈ H M 6 is the period matrix of an algebraic curve y 7 = x(x − 1)(x − t(u)).
(2) The analytic map
2 ) and the Fermat septic curve
Proof. From (5), we have
Since this equation must be invariant under actions of σ 0 = φ(h 0 ) and σ 1 = φ(h 1 ) in (7) (otherwise, the image of T h is not irreducible), we see that ε 1 = ε 2 = 1 and
Let us recall that Γ(1 − ζ) is projectively generated by h 
is the quotient of F 7 by an automorphism
which is induced by g 0 g 3 1 ∈ Γ(1 − ζ) via the map T h. The quotient map is given by
The Klein quartic K 4 is isomorphic to the elliptic modular curve X (7) of level 7, and also to a Shimura curve parametrizing a family of QM Abelian 6-folds (see [E99] 
Proof. Let us recall the homomorphism
in the proof of Proposition 2.8. The kernel of ν is Γ((1 − ζ) 2 ) and the image is generated by 
2 is an isomorphism such that
(see Remark 3.7). Note that λ induces an isomorphism of the torsion subgroup A tor and
Then we see that 4.14. Corollary. We have isomrophisms
K3 surface
5.1. In this final section, we construct K3 surfaces with a non-symplectic automorphism of order 7 attached to X t , according to Garbagnati and Penegini ( [GP] ). For generalities on K3 surfaces and elliptic surfaces, see [SS10] and references in it. Let us consider two curves
2 − 1 and an affine algebraic surface
X t is a hyperelliptic curve of genus 3. The surface S t is birational to the quotient of X t × X ∞ by an automorphism
and the ratioinal quotient map X t × X ∞ S t is given by
The minimal smooth compact model of S t (denoted by the same symbol S t ) is a K3 surface with an elliptic fibration π :
To see this, let us consider a minimal Weierstrass form
and the discriminant
From this, we see that S t is a K3 surface, and it has a singular fiber of type I * 0 at z = 0, of type IV at z = ∞ and fourteen fibers of type I 1 on P 1 − {0, ∞}. Note that
is the unique (ρ × ρ) -invariant element up to constants, and descents to a holomorphic 2-form on S t (see [GP] , Section 3). Therefore the period map for a family of K3 surface S t is given by the Schwarz map s. Note also that an automorphism ρ × id of X t × X ∞ descentds to S t :
Since S t / ρ × id is birational to a rational surface X t / ρ × X ∞ / ρ , the automorphism ρ × id is nonsimplectic. Hence the transcendental lattice T St is a free Z[ρ × id]-module ( [Ni79] ). Since our family has positive dimensional moduli, we have rank T St ≥ 12 and rank NS(S t ) ≤ 10 for a general t ∈ C − {0, 1}, where NS(S t ) is the Néron-Severi lattice.
5.2. Let us compute the Néron-Severi lattice and the Mordell-Weil group MW(S t ). Let o be the zero section of π : S t → P 1 . We have three sections s a : P 1 −→ S t , z → (x, y, z) = (az, z 5 , z), a = 0, 1, t such that s 0 + s 1 + s t = o in MW(S t ). Let 2ℓ 0 + ℓ 1 + ℓ 2 + ℓ 3 + ℓ 4 be the irreducible decomposition of π −1 (0), and ℓ Let N ⊂ NS(S t ) be the lattice generated by o, s 0 , s 1 , s t , ℓ 0 , ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 , ℓ ′ 1 . The rank of N is 10 and the discriminant is −49. Hence the Picard number of S t is generically 10 and the rank of MW(S t ) is 2 by the Shioda-Tate formula ([SS10], Corollary 6.13). Since the fixed locus S ρ×id t is contained in π −1 (0) ∪ π −1 (∞) and no elliptic curve contained in S ρ×id t
, we see that NS(S t ) = U(7) ⊕ E 8 by the classification theorem of Artebani, Sarti and Taki ([AST11], § 6). Therefore we have NS(S t ) = N . Let L be the lattice generated by the zero section and vertical divisors. It is known that MW(S t ) ∼ = NS(S t )/L ([SS10], Theorem 6.3). Now it is obvious that MW(S t ) = Zs 0 ⊕ Zs 1 ∼ = Z 2 .
Appendix A.
A.1. Symplectic representatioin. 
